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Planar lattice model

We first establish, as in any Monte Carlo (MC) simulation in statistical physics, a
representation of all the possible states of system, the energy associated to any of these states,
and the set of rules used to select trial moves between different states [1]. Previous lattice
models for FtsZ [2,3] have used a coarse description for the position of the monomers on the
bacterial membrane, with square-lattice representations in which each cell has the size of a
protein monomer, d = 4.5nm. To incorporate the structural features observed in the AFM
images, we use finer-grained description with a two dimensional triangular lattice of sites
separated by dr = 1.5nm. Each monomer excludes to the other monomers its own lattice
position and another 30 ~ 7(d/dr)? neighbor sites, as shown in Fig.S1. We assume that the
direction from the minus end (T7 loop-region) to the plus end (GTP binding site) is parallel to

the mica surface, and we represent the monomer orientation as a discrete set of 24 directions.

A crown of 42 lattice sites, around the excluded core (see Fig. S1) gives the relative lattice
positions where two monomers, independently of their orientations, get an attractive energy
—U,, which provides the lateral attraction between the filaments. The stronger longitudinal
bonding interaction which produces the filaments applies only when the polarization vectors of
two polymerized monomers are equal or differ in one step (15 degrees). The energies —Uy,

—Up 4+ Uy and —Uy, + U_ correspond to the only three allowed cases: straight, one clockwise

step difference and one anti-clockwise step difference.

Besides this restriction in their orientations, bond formation requires that two interacting



monomers are located within a reduced set of lattice positions, as shown in Fig. S1. When the
two monomers have the same orientation there are 4 or 5 lattice positions at which they will
have the full bonding energy —U,. When their orientations differ in one step, clockwise or
anti-clockwise, the restriction is stronger, because the relative position vector has to be within
30 degrees of both polarizations, and only 3 or 4 lattice positions are available to form a bond.
In this case the energy is reduced to —U, + Uy or —Up 4+ U_, depending on the whether the

relative orientation of the two monomers is right or left.

A complete description of the lattice model is made in ref. [4]. A technical but important
property of our model is that it uses only pairwise interactions, i.e. the interaction energy
between two monomers depends only on their orientations and relative position, and it is
independent of whether or not each monomers forms part of a filament. Pairwise models are
much easier to simulate, but in flexible living polymer models they may produce the spurious
branching of the filaments. The large excluded core region, compared with the narrow bonding
regions, avoids this problem while retaining enough bonding sites to allow the changes in the

filament shape through individual moves of the monomers.

The typical length of the filaments is determined by the value of Uy, while the parameters U
and U_ allow to tune their rigidity and spontaneous curvature, and U, their tendency to
aggregate in condensed structures. However, all these effects are entangled, and the same set

of parameters produces different structures depending on the protein coverage of the surface.

Monte Carlo simulations

The definition of our lattice model, with a few relative positions compatible with the
formations of bonds, allows an effective sampling of the configurations on the basis of
elementary moves of a monomer to any of the six neighbor lattice positions, and rotations to
one of the two adjacent orientations. These local motions and rotations give a qualitative
representation of the brownian motion of the FtsZ monomers on the surface. To accelerate the
convergence to thermal equilibrium we have also considered global moves in which a monomer
is moved to a randomly chosen site all over the lattice, that may represent the desorption to
the bulk solution, followed by the re-adsorption at a different place. In any case we use the
standard Metropolis algorithm to accept of reject the trial MC moves [1]. Typical MC
simulations were run on 607 x 607 lattice sites, with periodic boundary conditions and with a
fixed number of monomers between 400 (very low coverage)to 8000 (very high coverage).
Starting from randomly chosen positions and orientations of the monomers the system was
equilibrated over 107 MC attempts to move or rotate each monomer, and then sampled over

~ 3 x 107 MC attempts per monomer to get the statistical equilibrium properties and the



representative snapshots of the equilibrated system.

Estimation of model parameters for FtsZ-on-mica

MC simulations of the lattice model with different values for the interaction parameters,
relative to the thermal energy kT = 1/3, produce strongly polymorphic aggregates and
textures (see Fig. S2). Long filaments are formed when U, > 10, while lower lateral
attractions, U, < 1, keep a wide gap between the two hierarchical levels of organization:
monomers form filaments and filament form aggregates. A symmetric choice Uy = U_ < U,
produces very flexible filaments with no preferential curvature, whereas large symmetric values
U; = U_ = U, would produce very stiff and straight filaments. The spontaneous curvature
observed in AFM images for FtsZ on mica requires asymmetric values, which we (arbitrarily)
take as U, > U_, since the plus-minus direction of the filaments cannot be distinguished in

the experimental results.

A bond energy of U, = 12(+2)kT =~ 7.2kcal/mol, a small left-bent penalization

U_ =0.5(£0.5)kT, and Uy = U, to cancel the right-bent bond energy can describe the
observed shape and length of the filaments at low protein coverage. A lateral attraction of

Uy, = 0.5(£0.1)kT ~ 0.3kcal/mol determined the aggregation of isolated clusters. The
resolution of the experimental technique and the simplicity of the model do not allow a more
precise tuning of the interaction energies. However, the model represents a qualitative
improvement over any previous lattice model description of FtsZ, since the four interaction
parameters are selected from the direct experimental evidence of the filament structures
observed with AFM. The good match between the characteristics observed in the equilibrated
snapshots of the lattice model and the AFM images covers the full range of protein coverage

with the same set of interactions parameters.

On the other hand, it is important to realize that the above given values for the model
interaction parameters, chosen to give the best representation of E. coli FtsZ on mica, appear
to be tuned to give very malleable structures. Most of the possible choices for UL would
produce either tightly rolled structures, as those in Fig. S2(a), or straight filament bundles as
those in Fig. S2(c). The coexistence of curved and straight bundles as those in Fig. S2(b)
requires a fine tuning of the bent bond energies and the lateral interaction, and it produces
polymorphic structures which may be driven to very different forms under the effect of very

small bias.



Lattice model on a cylindrical surface

The formation of rings on a cylindrical surface using the coarser square-lattice models for
FtsZ [2,3] was accomplished by including either off-plane spontaneous curvature or the bond
weakening effect of the MinC system to confine the condensation of the filaments into a ring.
The triangular-lattice model presented in this work can also be rolled into a cylindrical shape
(along any of the symmetry directions of the lattice). The structures of the FtsZ filaments
formed on such curved surfaces present a qualitatively new feature not visible in the planar
geometry: filaments, or bundles of filaments, go around the cylinder and form Z-ring

structures [5].

Alternative assumptions for the curvature energy

The optimal bond energy Uy, the lateral attraction energy U,, and the excluded area effects
can be directly transferred from the planar to the cylindrical lattice. However, the curvature
effects are more complex since filaments on a cylindrical support have three different bending
modes: on-plane bending, twist and off-plane bending, each with its rigidity and preferential
angle [6]. The on-plane bending mode is a ”biased flexibility” with three types of bonds
(left-turn, straight and right-bent) with different (and asymmetric) bonding energies. These
same bonds are included in our two-dimensional model describing the bending of filaments on
a plane, so the information gained from the AFM images of FtsZ on mica can be directly used

to calibrate the bending rigidity (x°"*) and spontaneous curvature (Hg™P) of this mode.

To that effect we have run short MC simulations of single filaments with permanent bonds (i.e.
limit U, > kT') and in absence of lateral attraction (U, = 0), but with the same Uy and U_
values as obtained from the global comparison of the AFM images and the MC simulations

in [4]. The shape of these filaments was then fitted to polynomial forms in polar coordinates,
as explained in [5], and the curvature histograms were then used to obtain the filament rigidity

and the mean curvature.

The second (twist) mode on a cylinder would favor helical structures with a preferential pitch,
and is not contemplated here. The third (off-plane bending) mode, whose effect we do want to
consider, would imply a preferential radius for the cylindrical support. Since the
two-dimensional treatment cannot deal with the off-plane bending, a different treatment is
applied. We consider that the off-plane curvature is imposed by the geometry of the
underlying lattice, not associated to any off-plane flexibility, so that we only have to look for
the relative direction of the two monomers, with respect to the direction of the cylindrical axis,

to give the penalization/enhancement of their bond. A free energy contribution per monomer



(of diameter d)

d k°fP
Foff—p - 9 (H - Hgﬂ_p)2 ’ (1)

where H is the inverse of the cylindrical radius when the filaments forms a ring, and H =0
when oriented parallel to the cylindrical axis. The minimization of (1) for a fixed cylindrical
radius R > 1/HS™ would lead to the orientation of the filament in the plane normal to the
cylinder axis, favoring the formation of rings. Moreover, if (1) is also minimized with respect to

the radius of the cylinder, it would push R down towards the optimal filament radius 1/H%».

Unfortunately, we have no direct experimental data for the twist and off-plane bending modes
of FtsZ. In the analysis for single long filaments with no lateral attraction [6], the formation of
rings was associated to a very specific condition of null spontaneous pitch. However, it was
later shown [7] that the effects of the lateral attractions between the filaments would easily
produce tight helical rings independently of the preferential pitch of the bonds. Therefore, any
effect of the second and third bending modes on a cylinder would get mixed into the effective
off-plane x°™? and H™ to be used in (1). This curvature effect has been proposed by several
authors as the driving force for the formation of Z-rings and the production of the constraining
force on the cylindrical membrane [8-12]. Within our cylindrical lattice model for FtsZ, we
may include the off-plane bending mode as a modulation of the bonding energy Uy, which
becomes a function of the angle ¢ between the direction of the bond and the cylindrical axis.
At the leading order for AU, < UP'™™ we may write

Us(p) = U™ — AU, cos(2¢), (2)
where the comparison with (1) gives AU, = k°T*d(2RHS™ — 1) /(4R?).

As said above, the planar AFM images of FtsZ on mica provide only information on the
on-plane mode, tuned by the model parameters Uy and producing the typical planar spirals.
There is no direct experimental data for the off-plane rigidity x°*? and spontaneous curvature
Ho™ P and the most educated guesses come from the direct extrapolation from the on-plane
curvature of filaments on planar substrates, observed with AFM [5] or electron

microscopy [13]. The observed long FtsZ filaments on mica, linked with modified GDP-Al3
nucleotide (to reduce the hydrolysis at the bonds) [5] gives k" ~ 1.6 x 10*pN(nm)?) and
1/HS™® = R, ~ 65nm. However, it is known that the flexibility of protein filaments may be
strongly affected by the biochemical environment, and there are some evidences much lower
rigidity modulus for FtsZ filaments under different conditions [13]. Moreover, there could be
important differences between the bending modes of FtsZ filaments tightly anchored to a solid
substrate and those with a loosely linked (through peptide chain) to a bilayer membrane. The
flexibility of the link could favor the bundling of filaments, leading to larger effective rigidity

but null spontaneous curvature [14].



Altogether, in our MC simulations for the lattice model with cylindrical geometry we have

explored three different possibilities regarding the curvature effects on a cylindrical substrate:

i) The direct transfer of the on-plane spontaneous curvature from the planar AFM
experiments of F'tsZ on mica, included through the values of the UL bent bond parameters,

and neglecting any spontaneous pitch and off-plane curvature.

i7) The assumption (see ref. [7]) that under a looser anchoring of the FtsZ to the bacterial
membrane, the formations of filament bundles leads to the cancellation of all the spontaneous
curvatures, through a choice of U, = U_ in our lattice model and neglecting any off-plane

curvature effect.

i11) The assumption that on top of the on-plane spontaneous curvature extracted from the
experimental planar system, we add the effect of an off-plane curvature as a weak bias (2) on
the orientation of the filaments. In this case we have used the estimates given above for the
direct transfer of the on-plane bending constants x°"® ~ k°** and H"™ ~ H"*P, and taking
the E. coli radius R ~ 500nm, get from (2) AUy ~ 0.25kT at room temperature. That is
probably an overestimation for the possible off-plane curvature effects, and still it is a small

(£2%) bias with respect to the bonding energy in the planar system U, = 12kT.

As described in the main article of this supplementary material, the spontaneous formation of
Z-rings, under the driving force of the lateral attraction between FtsZ filaments, is observed

under assumptions i7) and 7i), but not under 7).

Spatial modulation of the bonding energy by the MinC system

The recent proposal for the formation of FtsZ rings in a coarse cylindrical lattice model [3]
without any curvature effect, invokes the role of the MinC system to provide a spatial
modulation of the interactions between FtsZ monomers. The raw interactions (e; = 17kT,
playing the role of our Uy, and €2 = 0.2kT playing for our U, parameter) act only on a small
cylindrical segment. Away from that segment the interactions are strongly reduced to

€1 = 6kT, and eo = 0, through the assumed effect of the MinC system.

Since the model in ref. [3] includes no curvature effect, we may compare it with our
finer-grained model under the assumption i) in the previous subsection. Therefore, our model
demonstrates that, for flexible filaments with no spontaneous curvatures (or with a moderate
off-plane spontaneous curvature), the lateral attraction is enough to explain the self-assembly
of FtsZ rings, without any need of a MinC-system. Under the assumptions i) and #ii) of the

previous section, the only qualitative effect of assuming a spatial modulation of U, would be to



locate the Z-ring at the position were FtsZ forms the stronger bonds, instead of getting the
rings formed at random positions along the MC simulations. The coarse lattice model
presented in ref. [3] however requires the strong assumed effect of the MinC system to get the

formation of the Z-ring.

We may explore in our case the efficiency of the MinC-effect when the Z-ring is not
spontaneously formed, like in the above assumption 7). To that effect we have run MC
simulations, keeping the on-plane tendency to form spiral cluster and without any off-plane
curvature, when we consider that the bonding energy U, is (slightly) reduced for bonds away

from a Min-C free cylindrical segment.

The high malleability of the structures formed in our fine-grained lattice model, under the
direct transfer of the monomer interaction obtained from FtsZ on mica, shows up in the
formation of Z-rings under a very weak bias. In particular, a mere 2.5% depletion of U (from
7.20kcal/mol to 7.02kcal /mol) was shown to be enough to form the rings under the
unfavorable assumption ) of the previous section. In comparison, the strong change (from
more that 10kcal/mol to only 3.6kcal/mol) required in ref. [3] should be regarded as an
artifact of the coarse-grained description in that model, which fails to capture the structural

softness of the FtsZ aggregates.

In fact, the strong MinC-effect assumed in ref. [3] would require an unphysically large rigidity
for MinC-FtsZ complex. On biochemical grounds, the depletion of the FtsZ bonding energy Uy
in more than 6kcal/mol would imply a similar affinity between FtsZ and some of the MinC
system proteins. This would so block the formation of FtsZ filaments. Therefore, to keep that
MinC element away from the Z-ring region the MinC system should be able to stand a free
energy drop of ~ 6.4kcal/mol over a distance of one monomer size, i.e. each MinC monomer
should stand against a force of ~ 2.3kcal/nm =~ 10pN. In mechanical terms, the formation of
the Z-ring in that coarse lattice model needs the assumed MinC effect to compress all the FtsZ
into a narrow cylindrical segment, and such compression requires that the MinC system acts as

a very rigid piston.

In contrast, with our finer-grained lattice model the Z-rings are spontaneously formed under
favorable assumptions (i) and #i7) ), and even under the unfavorable assumption 4), if a mild
modulation of the FtsZ bonding free energy is present. The 2.5% depletion of Uy could be
achieved with less than 0.3pN force on the proteins forming the MinC system at the edge of
the Z-ring. This force could be further reduced if a smooth spatial modulation of Uy, instead of

the sharp-step profile used in ref. [3], is considered.

Fig.S3 refers to the movies presented as Additional files 2-6 that illustrate the formation of

rings under the different conditions described in Fig.5 in the main text.



Z-ring contraction and membrane deformation

Recent experiments [15] have given the first experimental in vitro evidence for the deformation
of a tubular liposome under the action of a modified form of the FtsZ protein which anchors
on the inner bilayer membrane of multilamellar cylindrical liposomes. The observed shape of
the lamellar tubes may be used to estimate the force done by the ring, and to compare it with

the estimation of the ring force produced by model descriptions of the FtsZ filaments.

Helfrich hamiltonian for the membrane shape

The deformation of a cylindrical membrane under the action of a force-ring may be analyzed
within the Helfrich hamiltonian model [16], in terms of the surface tension o, the spontaneous
mean curvature H,, and the bending rigidity x. The membrane free energy is given by the

area integral

Fun = [ 4[5 (H = H)? 4 o], )
Where H is the local curvature of the surface, i.e. H = 1/R, for an undeformed cylinder and
1 1/
H — o Rmem(z) (4)

Rmem(z)(l + R/

mem

@ U+

mem (Z)2)3/2

for a deformed surface with axial symmetry described by the radius R,....(z) as a function of

the z coordinate, along the axis.

The minimization of (3) under the assumptions R.,(z) — R, for z — 00, and

R (0) = Ry, gives the shape of a tubular membrane under the constraint of a force-ring of
radius R,,, < R. That (conditional) minimal shape may then be used to evaluate the minimal
free energy (3) as a function of R,,,, and the derivative dF,;,(Rying)/dRying gives the radial
force done by the ring.

The analysis within the linearized Helfrich hamiltonian of the large multilamellar tubular forms
in ref. [15] indicate that the observed deformation requires a radial force of approximately

50pN [17]. We may now ask under which assumptions that force may be produced.

Estimations of the Z-ring force

The analysis of the possible force-generating mechanisms is subject to strong uncertainties.
The two proposed mechanisms are the same as those proposed for the formation of the Z-ring:

The condensation induced by the lateral attraction between the filaments and the possible



spontaneous curvature of the phospholipid bilayer induced by the anchored FtsZ filaments. In
fact none of these mechanisms excludes the other. We have seen that a spontaneous off-plane
curvature is one of the possible modifications of the planar lattice model parameter for FtsZ on
mica that may produce the formation of rings in our model. On the other hand, the lateral
attraction between filaments expand the parametric space for with spontaneous curvatures on

a cylindrical support lead to the formation of tight spiral rings in long filaments [7].

Let us consider first the off-plane spontaneous curvature as the possible origin of the
contractile force. With the estimates used above, i.e. taking the measured on-plane rigidity
and spontaneous curvature [5] as a guess for the parameters of the off-plane bending mode,
KOTP ~ 1.6 x 10*pN (nm)? and 1/HS™ ~ 65nm, we may estimate the constraining force on the
large multi-lamellar cylindrical liposomes in ref. [15] to be about 5 x 1073pN per FtsZ
monomer. Therefore, the required 50p/N needed to produce the deformation of the tubular
liposome could be achieved with 10* monomers, i.e. with a relatively narrow ring of
4—filament width. However, there are much lower estimates for the rigidity of the single FtsZ
filaments, which would push that force estimate to less than 3 x 10™4pN per FtsZ monomer.
The formation of filament bundles, under a looser anchoring of the FtsZ monomers to the
surface, could enhance the rigidity, but at the same time it would most probably cancel the

spontaneous curvature [14], so that the curvature-induced force would disappear.

Now we turn to the possible role of the lateral attraction between the filaments, as the driving
force to create the constriction. The evaluation of the radial force done by single FtsZ filament
ring has been evaluated within Langevin dynamics simulations with an off-lattice model [5].
The use of such continuous model is both easier and more accurate than lattice models for the
evaluation of force, while the breaking and remaking of the strong bonds along the filaments is
computationally difficult in continuous models. Therefore, we have used a mixed-approach in
which the typical filament length distribution obtained with the triangular lattice model is
transferred to the off-lattice model in ref. [5], for Langevin simulations of the equilibrated
rings. In that work the force was obtained for long single filaments kept by the lateral
attractions in tight helical structures around a cylinder. Here we want to consider the possible
differences between the force of single filaments, and that of Z-rings formed by disordered

collections of condensed shorter filaments.

In a continuous model the radial force may be obtained by the usual virial method [1], i.e. the
average over thermal equilibrium configurations of the derivative of the Z-ring energy with

respect to a global expansion of the cylindrical support,

FR__<8U(r1,gjé...,rN)>’ (5)




when the positions of the N monomers are written in cylindrical coordinates as

ry = (RCOS(QPi)7 Rsm(%), Zi)7 (6)

and the derivative with respect to R is done keeping constant all ¢; and z;. This method gives
the the full radial force, including the entropic terms which were neglected for the structures of

a single filament in ref. [5].

The results in Fig. S4 show the instantaneous value of the radial force and its probability
distribution, taken over 1000 time units of the Langevin simulation, which was estimated to be
in the range of t, = 0.1 seconds. The top curve corresponds to a single filament with 250
monomers, in an helical structure with 5 full rounds around a cylindrical support of 40nm of
radius showing instantaneous radial force values Fr = 80(£30)pN, following a gaussian
distribution. Notice that the fluctuations around the mean force are rather large, and

correlated over times of the order of 10%t,.

The lower panel n Fig. S4 shows the results for the radial force when the same number of
monomomers (250) area split in 15 filaments, within the typical size distribution observed for
Z-rings in the lattice model. The global structure of the ring is maintained by the attractive
lateral interactions, and distribution for the instantaneous radial force gives Fr = 90(£45)pN,
i.e. slightly larger and more spread than in the single filament case. The most important

difference is the absence of the long time correlations observed in the single filament case.

Altogether, it is clear that the force mechanism based on the lateral attractions, proposed and
analyzed in ref. [5] for a single filament, is not essentially modified by the multi-filamentary
composition of the Z-ring. Within the calibration of that lateral interaction obtained from the
experimental AFM data, we predict radial forces within the correct order of magnitude to

explain the observed deformation of the cylindrical liposomes under the action of FtsZ.
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Figure 1: Panel (a) shows the triangular lattice model used here, in which a monomer at
the central position (small black circle) excludes the occupation of any of the 31 (grey circle)
positions around it, and gets attractive interactions with those at any of the 42 surrounding sites
(white or barred circles). Within this crown of attractive positions, those marked by horizontal
bars indicate the allowed position for the formation of a strong longitudinal bond between two
monomers with the orientation indicated by the arrow. Monomers with the opposite orientation
would form a strong bond when their relative position is within the set with vertical bars. Similar
choices of 4 or 5 bonding sites are selected for any of the 24 allowed orientations (see text and
ref. [4]). Panel (b) represents, at approximately the same real scale, the coarser square-lattice
model used in ref. [3], in which each monomers excludes others only from its own lattice position,
the attractive crown is restricted to the 4 nearest neighbor sites, and there is a single bonding
site for each of the 4 allowed orientations.
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Figure 2: Snapshots of equilibrated configurations, taken along MC simulations of our model
with different values of the bent-bond energies. The protein coverage (2picoMol/cm?), the
straight bond energy (U, = 12kT), and the lateral attraction (U, = 0.5kT") are the same in the
three cases. Panel (a) corresponds to Uy = U, (full cancellation of the bond energy for the +
bent), and U_ = 0 (no penalization of the — bent). Panel (b) comes from the best fit to FtsZ
on mica, Uy = U and U_ = 0.5kT. Panel (c) uses the symmetric choice Uy = U_ = 2kT.
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Figure 3: The five movies represent MC simulation on a cylinder using the same conditions
described in Fig.5 of the main text. We use 10000 monomers in movie S3-5b and 2400 in all the
others. In the movies S3-5a and S3-5b the interaction parameters extracted from AFM images
on planar surfaces are directly used on the cylindrical lattice. The movie S3-5¢ is obtained using
symmetric bending energies fUx = 1, and U, and U, as in the planar case. In movie S3-5d U,,
U,and U_ are kept as in the planar model values and a weak off-plane spontaneous curvature is
added. In movie S3-5e the bonding energy Uj, decreased by 5% away from a central cylindrical
segment to simulate the effect of MinC
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Figure 4: The instantaneous radial force produced by 250 monomers in a Z-ring formed by a
single filament (top) or 15 filaments (bottom), on a cylinder of R = 40nm, along 1000 times
steps of the Langevin simulation of the continuous model in ref. [5]. On the right had side the
histograms for the distribution of force values.
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