
Appendix A: Markov random fields and prior used in the case study

Many of the models currently used in bioinformatics such as position weight matrix (PWM) models [1, 2, 3],

weight array matrix (WAM) models [4, 5, 6], inhomogeneous and permuted Markov models of higher order [7, 8],

Bayesian trees [9], their variable order extensions [10], and maximum entropy models [11] are special cases of

Markov random fields (MRFs).

MRFs belong to the family of graphical models, where random variables are represented by nodes of a graph,

and the dependency structure of the joint probability distribution is represented by edges [12]. MRFs are

undirected graphical models, i.e., the underlying graph is undirected, where edges between nodes model potential

conditional statistical dependencies between the random variables represented by these nodes, while the absence

of edges between nodes represents conditional independences of the associated random variables given their

neighboring nodes. The undirected graph of an MRF is determined by indicator functions f := (f
1
, . . . , f |C|),

where f
c

:= (fc,1, . . . , fc,|f
c
|) denote the indicator functions of the class c. Following the notation of [13, 14], an

indicator function fc,i(x) determines whether the parameter λc,i is used for sequence x ∈M , and the likelihood

of an MRF determined by the indicator functions f is given by

P
(
c, x λ

)
=

exp
(
λc +

∑|f
c
|

i=1 λc,i · fc,i(x)
)

Z(λ)
. (1a)

Using this parameterization, the log-likelihood of a labeled data set

logP
(
C,D λ

)
=

N∑
n=1

logP
(
cn, xn λ

)
(1b)

as well as the log-conditional likelihood

logP
(
C D, λ

)
=

N∑
n=1

logP
(
cn xn, λ

)
=

N∑
n=1

log

 P
(
cn, xn λ

)
∑
c P
(
c, xn λ

)
 (1c)

are convex functions.

Using an MRF with a discrete codomain M and the MAP, the MSP, or the unified generative-discriminative

learning principle, we choose the Generalized Dirichlet prior [15]

Q
(
λ α

)
∝ Z(λ)−α. · exp

∑
c∈C

αcλc +
|f

c
|∑

i=1

αc,iλc,i

 , (2)

as prior for the parameter vector λ of an MRF. For the hyper-parameter α, we follow the description of [15]

and choose the hyper-parameters according to the BDeu prior [16, 17]. This choice states that each class c

has a class-specific equivalent sample size (ESS) αc uniformly distributed among all possible sequence from the

codomain M determining the values of all remaining hyper-parameter αc,i. The ESS α. of the complete prior is



the sum of all class-specific ESSs, α. :=
∑
c∈C αc. This prior fulfills the condition of equation 11, which allows

to interpret the unified generative-discriminative learning principle using this prior for MRFs as illustrated in

Figure 1(b). For the Generalized Dirichlet prior, we can interpret the condition of equation 11 as multiplication

of the initially chosen ESS by a factor resulting in a virtual ESS. This allows to interpret the learning principle

corresponding to each point of the axes as instances of the MSP or MAP learning principle, respectively, using

different ESSs but the same ratio between the hyper-parameters. In the interpretation of each point of the

simplex β (equation 13a and 13b), the hyper-parameters α̃ are

α̃c := Nc +
β2

β1
αc and α̃c,i := Nc,i +

β2

β1
αc,i (3a)

with

Nc :=
N∑
n=1

δcn,c and Nc,i :=
N∑
n=1

δcn,cfcn,i(xn), (3b)

where δ denotes the Kronecker symbol which is equal to 1 if both indices are equal and otherwise 0

In case of DNA sequences, the codomain M is ΣL, where Σ = {A,C,G, T} denotes the alphabet and L denotes

sequence length. The case studies presented in this paper are restricted to PWM models defined by the indicator

functions fc,i(x) := δx`,b, for all position ` ∈ [1, L] and all symbols b ∈ Σ.

Appendix B: Different performance measures for the case study

Here, we present the results of the 1,000-fold stratified hold-out sampling for 4 TFs and for 4 performance

measures, the sensitivity (Sn) for a specificity of 99.9%, the false positive rate (fpr) for a fixed Sn of 95%, the

positive predictive value (ppv) for a fixed Sn of 95%, and the area under the precison-recall curve (auc-PR) [15,

18].

Figure S1 shows the results of the stratified hold-out sampling, where each column contains the subfigures

for one data set corresponding to one transcription factor, and each row contains the subfigures for a specific

performance measure. In each subfigure, yellow indicates the best results, red indicates the worst results, and

the gray contour lines of each subfigure represent multiples of the standard error of the best result.

In Table S1, we summarize the best results of each subfigure of Figure S1. In 13 out of 16 cases, the best results

are achieved for some weighting vector β in the interior of the simplex. The only cases for which we obtain the

best result on one of the axes is for the data set GATA using the performance measure auc-PR and Thyroid

using the performance measures fpr and ppv. In none of the cases the best result is obtained for a generative

learning principle. Comparing the results of the 16 individual studies to each other, we find that the weighting

vector β that gives the best results depends on the data set as well as the performance measure.

Considering the differences between the best results of the simplex and the best results of the β0- and β1-axis,

we find that this difference is greater than the standard error of the best result of the simplex for the auc-PR of
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Figure S1: Results of the 1,000-fold stratified hold-out sampling procedure. Each column contains the subfigures

for one data sets corresponding to one transcription factor, and each row contains the subfigures for a specific

performance measure. In each subfigure, we plot the values of the specific performance measure as a function of

β in analogy to Figure 2. Yellow indicates the best results, red indicates the worst results, and the gray contour

lines of a subfigure indicate multiples of the standard error of the best result. We find the best results in the

interior of the simplex β in 13 out of 16 cases.



AR/GR/PR GATA NF-κB Thyroid

Sensitivity for fixed specificity in %

ML 54.7 77.0 81.6 51.3

MCL 55.2 73.2 76.5 50.0

MAP 55.1 77.0 81.6 51.3

MSP 56.9 77.0 79.6 50.3

Unified 57.3 77.5 81.8 52.3

False positive rate for fixed sensitivity in %

ML 2.14 0.401 0.485 1.63

MCL 2.01 0.384 0.437 1.63

MAP 1.61 0.309 0.285 1.28

MSP 1.57 0.260 0.243 1.16

Unified 1.55 0.255 0.242 1.16

Positive predictive value for fixed sensitivity in %

ML 23.5 50.6 58.2 22.6

MCL 23.1 48.1 51.3 23.4

MAP 23.7 50.95 58.6 23.0

MSP 24.1 51.1 57.1 24.9

Unified 24.6 52.4 59.3 24.9

Area under PR curve

ML 0.554 0.709 0.746 0.520

MCL 0.554 0.680 0.713 0.520

MAP 0.555 0.711 0.747 0.520

MSP 0.567 0.727 0.756 0.528

Unified 0.571 0.727 0.762 0.532

Table S1: Summary of the results of Figure S1. For each of the four data sets and each of the four performance

measures, we present the results for the ML, the MCL, the MAP, the MSP, and the unified generative-

discriminative learning principle. For the MAP, the MSP, and the unified generative-discriminative learning

principle, we present the best results from each of the 16 simplices (Figure 1(b)). We find that the best results,

displayed in bold face, are obtained by the unified generative-discriminative learning principle. Results that are

at least one standard error greater the corresponding results of the other learning principles are highlighted by

gray cells.



the AR-GR-PR data set, the Sn and the ppv of the GATA data set, the auc-PR of the NF-κB data set, and the

Sn of the Thyroid data set. This indicates that, at least for the studied data sets and the chosen models, the

unified generative-discriminative learning principle is useful for estimating the model parameters. We find in all

four data sets that the fpr for the GDT learning principle is significantly worse than for the best weighting factor

β, whereas the GDT learning principle performs comparable to other learning principles for the performance

measures auc-PR, Sn, and ppv.
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