Supplementary material

S.1 The dynamic program

The Bayesian estimation needs the computation of the posterior probabilities of the varia-
bles involved, but the complexity of the problem does not allow us to find them analytically.
Fortunately the computation can be done efficiently using dynamic programming. In this
section we will briefly present the algorithm, while a more detailed explanation can be found
in Hutter [11,12].

First of all, we introduce some notations:

M, = (Mg, ..., My,)
T, = (Tl, ..., Tn)
Yij = (Y, .. Y))
K,; = number of the segments in Y, ;.

The dynamic program is based on the fact that, for a fixed segment number and partition,
the data points that belong to different segments are independent. Then, the joint probability
distribution of the data points and the levels in m — [ segments can be decomposed in the
product of the same joint probability distribution in the first p — [ segments and in the last
m — p segments, for any p such that [ < p < m:

f(ytl7t7rL’ I'l’l,m | tl,ma Kthtm =m — l)

m—1

= H f(yti,ti+1 |Mi+1’ti7i+17Kti7ti+1 = l)f(:ul-i-l | t’i7’i+17Kti7ti+1 = 1)
i=l

= f(ytl,tpaﬂz,p | tl,paKtl,tp =p— l)f(ytp,t7,L7Np,m | tp,maKtp,tm =m—p). (S.1)

We define the following quantity to perform the dynamic program

Al = /,u:’nf(ym,,um\ K; ;= 1dun for all i < m <, (S.2)
R
where fi;41 = ... = [I; = [, since all the data points considered belong to the same segment,
which we call m. One should notice that, if » = 0,
A?,j = f(yi,j | Ki;= 1), (S.3)

i.e., it is the density of the data y, ; given that they belong to the same segment, while if r > 1,
A7, is related to the moments of M,, with respect to the conditional probability given y, £ and

Y

T

: ‘ A
E[Mrm | Yy, t> k] = E[M:n | mifl,Tma Tm—l =1, Tm =1 KTmfl,Tm - 1] — AO’] (84)
i,J

where 1 =t,,_1 and j =1t,,, forallm =1, ..., k.
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The left and right recursion of the dynamic program are made on the following quantities

— 1
Lit1; = (j e ) f(yO,j| Koj=Fk+ 1) (S.5)
=1
Riq1s = (n ]i ) fWinl Kin=Fk+1). (S.6)

Given the position of t;, the probability distribution of the data in k + 1 segments can be
decomposed in the product between the joint distribution in the first £ segments and the joint
distribution in the last segment. Hence, we can compute the probability distribution of the
data in k + 1 segments summing this products for all possible positions of g,

J—1
Livry = Y LeaAd . (S.7)
h=k

Similarly, we can sum, over all possible position of ¢, the products between the joint distribution
in the first segment and the joint distribution in the last k& segments, obtaining

n—k
Riii = Y AVRpn. (S.8)
h=i+1

The recursion starts with Ly ; := dp; and Ro; := 0;,, because there are zero segments only if
the two endpoints are equal.

The Bayesian estimators of the original BPCR.
For the definition of the Bayesian estimators, we need to compute the evidence and the posterior
distributions of the parameters. Since

Liw = Rio = (321 f(y 1K), (S.9)

the evidence of the sample point y turns out to be

kmax kmax
Bi= ) = 3 Sy B = 3 e (5.10)
k=1 A =1 \k-1

Then, the posterior probabilities of the segment number and the boundaries can be written in
the following way

Sy F)pk) Lin
C = k‘ —= — ? vk: S
) Ty T B (D) F 4
L _ _ f(Tp = h7 Y | K= kO) o Lp,tho—p,h
B, = P(T,=hl|y, k)= o = e (S.12)

foreachp=1,....kg—1land forallh e {p, ..., n—1}.



Now we can compute the estimators. The MAP (Maximum A Posteriori) estimate of the
segment number given the sample point y is

(S.13)

k = argmaxp(k|y) = arg max —

o S T

As we can see in Equation (S.I2)), the estimate for the boundaries needs the knowledge of the
true number of segments, so we use k instead of k,

o~ ~ ~

ty = argmax  P(T, =h|y.k) forp=1, ..., k—1. (S.14)
he{p; .y n—(k-p)}

The computation of the estimate of the r* moment of the level of the m™ segment needs the
knowledge of the segment number and the partition of the data (see Equation (§4])), so we use

the estimated ones .

~p r T Aij
pro=EM |y, t k| = AO’ , (S.15)

1,J

where i = t,, 1 and j = tm, for all m=1, ..., k.
To estimate the segment level M, at a generic position s, we need at first to compute
explicitly its posterior distribution:

ko s—1 n
Fs |y K =ko) = Y 3 flptm Tor =i, T = j |4, K = ko) (S.16)
m=1 =0 j=s
ko s—1 n

- Lk ZZZLm v (Yi jottm| Kij = 1)Rpgg—m,;- (S.17)
0,7

m=1 i=0 j=s

Hence the estimate of M, given k is

s—1 n
=> Y F),  with F{; = m-1iAYRs (S.18)
1=0 j=s " m=1
for all s =1,
The boundary estimator f’joint.
The boundary estimator T'join; is defined as
fIA“joint = argmaxp(t| K =kyY). (S.19)

teTk:O,n
The explicit formula for the joint boundary distribution, given k¢ and the sample point y,
is
ko—1
[H 20 f(ytpvtp+1 ‘tp’ tp+1’ Ktpvthrl = 1) p(t | K= kO)
fy| K = ko)

A,
_ ploet] S.20
. (3.20)




Thus, the estimated boundaries are

ko—1

boms = argmax [T A7, . (8.21)
tETkO n  p=0

This estimator can be computed by using the following recursion,

W(l)z = Ag,z
VVerl = he{;n.%;_l} Wg,hA?m forp=1,....k—2, (S.22)

where W ; represents the maximum probability that yj ; is divided into p segments over all com-
binations of the boundaries. As a consequence, the components of the vector of the boundary
estimator turn out to be,

1, = argmax W’g’hA?L forn fork=k—1,...1, (S5.23)
he{kr“agkﬂ_l} 7

with tAk =n.

The boundary Estimator T BinErrAk-
To compute the T giurrrak estimator, we need at first to make explicit the expected value in
Equation (22), given the sample point y,

TL—l kmax
E[zm’ y] NS S arair g sy
=1

k=2 T, i=1

Kmax min(i,k—1)

n—1
Lp sz —D,i Lk n
= - S.24

- Z P(Ti —1lY =v), (S.25)

{i=1,..,n—1: 7, =1}

where

kmax

Pr,=1Y =y) = ZP(t € Ty, : dp such that t, =i|y, k)p(k|y)
k=2
kmax min(i,k—1)

= > Y PteTw.:t,=ily, kpk|y). (5.26)

Hence, to find the estimated ﬁ'\ BinErrak, We need to find the -1 highest
{P(ri = 1|Y = y)}'7 (corresponding to the indices i, ..., iz_,) and then take T inmrrax
such that 7, = 1 for p = 1, ., k — 1. Using the inverse function of (19), we obtain the
corresponding value of the estlmator T BinErrAk-
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The BRCAk.
The computation of the BRCAk is simply given by

~

M, = E[1\~/[5|y]
kmax
= Zp(k|y)/ﬁsf(ﬁs|y,k)dﬁs
k=1 R
kmax
= > Cu) Fh), (S.27)
k=1 i<t<j

where in the last equation we used the notations of Hutter [11,12] with the only difference that
Nnow F?’j must be computed for all possible £ and so we need to make explicit this dependency.
Unfortunately, the computation of this quantity required time O(n2?k2,.), hence it could be a

problem with samples of big size.



S.2 Some error measure definitions

Definition of the MSE measure.

The mean square error is defined as the expected value of the square error and so it is estimated
with the corresponding arithmetic mean. Hence, given N estimated values 6y, ..., Oy of a
generic parameter 6, the estimated Mean Square Error of 6 is defined as

MSE(6) = % S (6, - 0)2

Definition of the mean relative error.
Given N estimated values 6q, ..., Oy of a generic parameter 6, the estimated mean relative
error over all datasets is

where m is the number of datasets, n the number of samples in each dataset and 6;; is the
estimate of 6; based on the i sample in the j dataset.

S.3 Supplementary Tables

Ab/u ] 0.6376
A6?/o? | 0.1524
AR?Jp? | 8.6217
Ap2/p? | 0.5840

Table S.1: Estimated mean relative error of the estimators 7, 62, p? and p? over all the datasets
used. The results show that 62 had the lowest error. The error of 7 was high but acceptable.
The estimator p? was significantly better than p* with respect to this error measure.

‘ €rror \ T H TOl Tjoint TBinErr TBinErrAk
sum 0-1 14.37 £ 0.176 16.04 + 0.195 16 + 0.194 15.99 + 0.193
joint 0-1 |0.9393 £ 0.00436{ 0.945 £ 0.0042|0.9387 4+ 0.00438|0.9387 4+ 0.00438

binary 10.48 £ 0.126  |8.3787 £ 0.0961|7.7433 £+ 0.09 7.7793 £ 0.0903

aver. square| 35.12 + 15.667 67.3 £ 17.036| 37.85 £ 15.792 | 38.76 £ 15.824

Table S.2: Estimated mean errors + standard deviation of the estimators of t° applied on a
dataset without replicates with 02 = 0.1 and p* = 0.5, using ko, 7, 62 and p?. The estimator
fm minimized the sum 0-1 error and the average square error. The errors of fIA“BmEW and
T Bingrrar Were always very close and low.



gene FISH | mBPCR
region CN p? p? | CBS | CGHseg | HMM | GLAD | BioHMM | Rendersome
BCL6 2/3 | 289|285 | 2.89 2.90 2.05 2.79 2.85 2.86
C-MYC 2 2.02 | 1.99 | 2.06 2.12 2.05 2.07 2.02 2.02
CCND1 2 2.01 | 1.92 | 2.01 2.05 2.05 2.07 2.02 2.02
BIRCS 2/3 | 2.01|222] 201 2.05 2.05 2.07 2.02 2.02
ATM 2 2.01 | 1.80 | 2.01 2.05 2.05 2.07 2.02 2.02
D135319 2 2.03 | 2.40 | 1.98 2.03 2.05 2.01 2.02 2.89
LAMP1 2 1.82 | 1.76 | 1.98 1.98 2.05 2.01 2.02 2.02
TP53 1/2 1.11 | 1.17 | 1.11 1.11 1.10 1.55 1.10 1.20
MALT1 2/3 | 212 | 2.25 | 2.02 2.12 2.05 2.09 2.02 2.02
BCL2 2 2.12 | 2.25 | 2.02 2.12 2.05 2.09 2.02 2.02

Table S.3: Copy number estimation results obtained on sample REC-1. Globally, all methods
behaved equally well on this data. Only Rendersome was unable to detect the correct copy
number of D135319.

gene FISH mBPCR
region CN p? P2 CBS | CGHseg HMM GLAD | BioHMM | Renders.
BCL6 2 2.11 2.10 2.11 2.07 2.11 1.85 2.12 2.04
C-MYC 2 2.07 2.00 2.08 2.11 1.99 6.22/1.37 2.12 2.04
CCND1 2 2.06 2.03 2.06 2.34 2.20 24 2.12 2.04
BIRCS 2/3 2.06 1.76 2.06 | 1.14/2.54 2.11 24 2.12 2.04
ATM 1 2.06 | 2.01/1.61 | 2.06 2.34 2.11/1.14 2.4 2.12 2.04
D155319 2 2.01 2.00 2.03 2.05 2.07 2.26 2.12 2.04
LAMPI1 2 2.01 2.00 2.03 2.05 1.98 1.58 2.12 2.04
TP53 1 1.10 1.16 1.13 1.01 1.13 1.85 1.36 1.08
MALT1 3 3.36 3.05 3.17 3.04 5.30 2.16 4.78 4.28
BCL2 ampl | 5.46 5.10 5.52 6.12 5.30 2.16 4.78 7.22

Table S.4: Copy number estimation results obtained on sample GRANTA-519. On this data,
the GLAD method often did not detect the right gene copy number. The method mBPCR
with p? estimated the gene copy number always well, apart from ATM whose copy number was
estimated different from the FISH copy number by all methods.



gene FISH mBPCR
region CN p? p7 | CBS | CGHseg HMM GLAD | BioHMM | Rendersome
BCL6 3/2 3.06 | 3.06 | 3.02 3.06 2.96 2.98 3.04 2.98
C-MYC | ampl | 7.12 | 7.10 | 7.14 6.87 6.70/2.63 7.28 6.51 7.72
CCND1 2 3.51 | 8.51 | 8.51 3.51 3.44 3.51 3.52 3.60
BIRCS 4/5 4.20 | 4.19 | 4.20 4.24 4.24 4.23 4.26 3.60
ATM 4 4.20 | 4.19 | 4.20 4.24 4.24 4.23 4.26 3.60
D135319 4 3.72 | 3.72 | 3.81 3.82 3.72 3.81 3.73 3.64
LAMPI1 4 3.67 | 3.67 | 3.82 3.67 3.72 3.69 3.73 3.64
TP53 2/3 2.57 | 2.69 | 2.22 2.76 2.34 2.76 2.83 2.90
MALT1 4 3.52 | 3.52 | 3.59 3.59 3.50 3.95 3.52 3.50
BCL2 4 3.52 | 3.52 | 3.59 3.59 3.50 3.55 3.52 3.50

Table S.5: Copy number estimation results obtained on 250K Array data of sample JEKO-1.
All methods behaved equally good. The method HMM had problem in determining the right
position of one breakpoint around the C-MY(C amplification. All methods estimated the copy
number of CCND1 differently from FISH technique.



S.4 Supplementary Figures
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Figure S.1: Estimated profiles of the data shown in Figure 1, obtained by applying several
methods. In each plot, the grey segments represent the true profile and the dots are the raw

data points.
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Figure S.2: Confidence intervals at 95% of the estimators of kq for, respectively, the 0-1 error,
the absolute error and the squared error obtained on a dataset without replicates with o2 =0.1
and p? = 0.5. The graphs show that, in each situation, K, always had the lowest upper bound
of the interval. Using p? the confidence intervals were shorter.
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Figure S.3: Confidence intervals at 95% of the estimators of kq for, respectively, the 0-1 error,
the absolute error and the squared error obtained on a dataset without replicates with 02 =03
and p? = 0.05. The graphs show that, in each situation, K, always had the lowest upper bound
of the interval.
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Figure S.4: True profiles of some datasets with replicates
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Figure S.5: Comparison of the segment level estimation by using Tjoint or T BinErrAL With the
different p? estimators, on four datasets with replicates. The corresponding true profiles are in
Figure B4l In general, using T gingrrar We obtained a lower MSE per probe than using Tjoint-
For a fixed boundary estimator, often the error was lower by using p? on these datasets where
o? > p?.
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Figure S.6: Comparison of the sensitivity and FDR computed on the results obtained on
dataset Simulated Chromosomes using all the piecewise constant methods. Using p? instead of
ﬁ%, the FDR was lower. The estimator T g;,g--ar had the highest sensitivity and the second
lowest FDR. The FDR of '—/1\101 was the lowest, but this is due to the fact that it reduces the
number of the estimated breakpoints by assigning the same position to different breakpoints.
In conclusion, T gi,Emar With p?> was the best performing estimator on this dataset.
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Figure S.7: RMSE per probe of the several Bayesian regression curves, using p? as the estimator
of p?, on four datasets with replicates. The corresponding true profiles are in Figure The
graphs show that, using p?, BRCAk always had the lowest RMSE per probe and thus performed
better than the other BRCs.
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Figure S.8: RMSE per probe of the several Bayesian regression curves, using p? as the estimator
of p?, on four datasets with replicates. The corresponding true profiles are in Figure 84 Using
the estimator p?, all the regression curves gave similar RMSE per probe curve.
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Figure S.9: RMSE per probe of the Bayesian regression curve using different estimators of
p?, on four datasets with replicates. The corresponding true profiles are in Figure The
graphs do not show clearly which p? estimator was better with respect to this error measure.
Sometimes the error committed using p? was lower than using p?, probably because p? can lead
to a slight overfitting.
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Figure S.10: Zoomed ROC curves of several piecewise constant methods applied to dataset
with SNR = 3. On this easy type of data, all the methods (apart from GLAD) performed well,
since their ROC curves were close to the top left corner of the plot.
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Figure S.11: RMSE of several piecewise constant methods applied to dataset with SNR = 3.
The black segments on the horizontal axis correspond to the regions of aberration. On this
dataset, HMM and the modified BPCR with p?, Ky and T gingrrak achieved a low RMSE both
inside and outside the aberrations, compared to the other algorithms. Nevertheless, HMM
had the highest error at the breakpoint positions. Hence, the modified BPCR with %, K,
and T gingrrar performed better than all other methods with respect to the RMSE per probe
measure.
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Figure 5.12: ROC curves of several piecewise constant methods applied to dataset with SNR
= 1. On this type of dataset with high noise, the modified BPCR with p?, Ky and T gingrrax
was the best performing method with respect to the ROC curve measure, because its curve was
globally the highest one at the top left corner of the plot. GLAD, Rendersome and BioHMM
were the worse methods in detecting the aberrations on this dataset.
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Figure S.13: RMSE of several piecewise constant methods applied to dataset with SNR = 1.
The black segments on the horizontal axis correspond to the regions of aberration. On this
very noisy dataset, the modified BPCR with p?, Ky and T ginprrar always had a low RMSE
per probe, even though its error was not the lowest one outside the aberrations and inside the
first one. On the contrary, CBS and CGHseg had the lowest error in these regions, but the
highest error inside the small aberrations. Hence, globally the modified BPCR with p?, K,
and T BinErrAkr Performed better than the other algorithms on this dataset, with respect to the

RMSE measure.
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Figure S.14: Comparison of the sensitivity and FDR computed on the results obtained on
dataset Simulated Chromosomes, using several piecewise constant methods. The mBPCR
method (considering both p? estimators) had the highest sensitivity, hence it was the method
that determined the breakpoints location with highest precision. Nevertheless, it had a higher
FDR than CBS.
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Figure S.15: Zoomed ROC curves of several smoothing methods applied to dataset with SNR
= 3. The intersection among the ROC curves was due to the differences of the methods in
the level estimation outside the aberrations. The more oscillating were the estimated curves in
these regions, the closer were the corresponding ROC curves to the top side of the graph. In

our case, an oscillating estimated profile is very different from the true one.
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Figure S.16: RMSE of several smoothing methods applied to dataset with SNR = 3. The black
segments on the horizontal axis correspond to the regions of aberration. On this dataset, both
the original BRC and the version of BRC with K, and p? had everywhere the lowest error.
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Figure S.17: ROC curves of several smoothing methods applied to dataset with SNR = 1. On
this very noisy data, the methods smoothseg and lowess seemed to be the best ones, since their
ROC curves were the highest at the top left corner of the plot. The third best method was
BRC with K, and p?.
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Figure S.18: RMSE of several smoothing methods applied to dataset with SNR = 1. The black
segments on the horizontal axis correspond to the regions of aberration. The graphs show that
the method lowess, quantreg and smoothseg had more or less the same error inside and outside
the aberrations. Instead, the BRC version with Ky and p? and BRCAk with p? had a very
low error outside the aberrations and not the highest error inside them, thus globally they
performed better than the other algorithms with respect to the RMSE measure.
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